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Abstract
One of the crucial problem about caps is to determine the spectrum of the values of k for
which there exists a complete k-cap. In this paper a class of small complete k-caps is constructed
in PG(3; q); q=3n; n>1; such that k=(q2 +6)=3; these are smaller than those currently known
in characteristic three. c© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
The general problem is to determine complete caps of small cardinality in PG(3; q):
We refer to [2{5] for detailed informations on caps. In a previous paper [1], a con-
struction was given, for q an odd prime, of a complete k-cap of PG(3; q) which has
k − 2 points in common with an elliptic quadric E; and its remaining two points on a
line which is tangent to E: The aim of the present paper is to extend the construction
to cover the case q=3n: It is to be noted that for any odd prime p; p 6= 3; then q=pn
is of type 1 + 6h or 5 + 6h; while if p= 3; q= pn is of type 3 + 6h:
2. A class of k-caps in PG(3; q), q = 3n
It is well known [3] that for each irreducible elliptic quadric E in PG(3; q); q odd,
the reference system can be chosen in such a way that this quadric has the equation:
x21 − x22 + x23 − 2x3x0 = 0;
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for some non-square  2 GF(q): Let P and Q be the points with coordinates (0; 1; 0; 0)
and (1; 1; 0; 0), respectively. Then PQ: x2 = x3 = 0 is a tangent line to E at the point
T  (1; 0; 0; 0). Besides let C be the conic which is obtained by intersecting E with the
plane  of the pencil (with axis PQ), having equation  : x2=x3 ( 2 GF(q)) and 
the tangent plane x3=0 to E at T: We can then observe that the points (x0; x1; x2; x3) of
the conics C do not belong to ; and so x3 6= 0; they have coordinates ((i; ); i; ; 1);
where i varies in GF(q); and where
(i; ) = (i2 − 2 + 1)=2:
It is then easy to verify that, for a xed conic C; the line passing through two distinct
points Ai()  ((i; ); i; ; 1) and Aj()  (( j; ); j; ; 1) contains the point P (the
point Q) if and only if
i + j = 0 (i + j = 2) in the eld GF(q): (1)
In view of (1), to the point P we can associate, in a natural way, an involutory
permutation IP() of the points of C, for all  2 GF(q); in the following way:
IP()(Ai()) = A−i() for all Ai() 2 CnfTg and IP()(T ) = T:
Denote the 2-cycle (Ai(); A−i()) by Ci.
Since the goal of this paper is to construct a k-cap K consisting of P;Q and k − 2
points of E chosen in an appropriate way, it is clear that K can contain at most one
point of each 2-cycle Ci.
Let x be a generator of GF(3n): Then, every element u of GF(3n) can be uniquely
written as a polynomial u(x) in x over GF(3); where
u= u(x) = a0 + a1x +   + an−1xn−1; ai 2 f0; 1; 2g:
To u; we associate the integer u(3): This provides an ordering of the elements of
GF(3n): u>v if u(3)>v(3).
If u = a0 + a1x +    + an−1xn−1 and −u = v(x) = b0 + b1x +    + bn−1xn−1 with
ai; bi 2 f0; 1; 2g; then ai + bi =3; 06i6n− 1; with the exception that if ai = 0; then
bi = 0.
Use the ordering as dened above to form the following subsets of GF(3n): for
 = 1; 2; : : : ; n; V consists of the elements of GF(3n) associated to the integers from
3−1 to 3 − 1.
Equivalently, for = 1; 2; : : : ; n;
V = fu= u(x) = a0 + a1x +   + a−1x−1: a−1 6= 0 if > 1; ai 2 f0; 1; 2gg:
In other words, V consists of all those elements of GF(3n); which, when written as
polynomials in x; are polynomials of degree precisely − 1:
By denition, jVj=3−3−1: We note that if u 2 V for some ; then so is −u: Also,
no element u of V can be its own negative; for, if u= a0 + a1x +   + a−1x−1 and
u=−u; then 2a−1 = 0 and so a−1 = 0; contradicting the denition of V: It therefore
follows that the elements of V give rise to (3−3−1)=2 cycles of the involution IP():

 = fC3−1+: = 0; 1; : : : ; 3−1 − 1g:
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Thus, the totality of cycles of IP() is given by the set

 =
n[
=1
3−1−1[
=0
(C3−1+);
where IP() can be written as the product of transpositions as follows:
(A1(); A−1())(A3(); A−3()) : : : (A5(); A−5())
: : : (A3−1 (); A−3−1 ())(A3−1+1(); A−(3−1+1)())
: : : (A3n−1 (); A−3n−1 ()) : : : (A23n−1−1(); A−(23n−1−1)()):
We note that, for xed >2; the cycles corresponding to the elements of V can be
written as

 =
3−2−1[
h=0
C(; h);
where
C(; h) = fC3−1+3h; C3−1+3h+1; C3−1+3h+2g:
Thus

 = fC1g [
8<
:
n[
=2
3−2−1[
h=0
(C(; h))
9=
; :
Let H 0 be the following subset of points of C:
H 0 = fA2g
n[
=2
3−2−1[
h=0
fA−(3−1+3h+1)(); A3−1+3h+2()g:
Thus,
jH 0j= 1 + 2
nX
=2
3−2 = 1 + 2(1 + 3 +   + 3n−2) = 3n−1 = q
3
:
Clearly, H 0 is a (q=3)-arc of the plane :
We are now ready to prove the following proposition:
Proposition 1. For all  2 GF(q); the set H=H 0 [fP;Qg is a ((q+6)=3)-arc of :
Proof. It is possible to prove this proposition with a reasonement similar to that used
in [1]. A little dierence must be done only showing that Q does not belong to a
bisecant of H 0. For a xed point Ai() in H
0
; a point Aj() 2 C; j 6= i; belongs
to the line QAi() if and only if i + j 2 (mod q), with i = −(3−1 + 3h + 1) or
i=3−1+3h+2 or i=2 for some appropriate values 2f2; : : : ; ng, h2f0; : : : ; 3−2−1g.
If we suppose that i=2; then i+ j 2 (mod q) if and only if j=0 and so Aj() 62H 0.
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When i=−(3−1+3h+1), then −3−1−3h−1+j 2 (mod q) if and only if j=3−1+3h
and in this case Aj() 62 H 0. At last, if i=3−1+3h+2 then 3−1+3h+2+j 2 (mod q)
if and only if j =−(3−1 + 3h) and also in this case Aj() 62 H 0.
So we have the following result which can be shown in an analogous way as that
in [1]:
Proposition 2. The set K=
Sq−1
=0 H is a k-cap of PG(3; q); q=3
n; where k=(q2+6)=3.
3. Completeness
Regarding a sucient condition for the completeness of the [(q2 + 6)=2]-cap K; if
we proceed in a similar way to that described in [1], we obtain the following:
Proposition 3. Let A= f2g[fSn=2S3−2−1h=0 f−(3−1 +3h+1); 3−1 +3h+2gg. Then
the [(q2+6)=3]-cap K is complete if; for all xed  2 GF(q)nA and for all x0 2 GF(q)
satisfying
(a) x0 6= (1 + l2)=2; 8l2A,
(b) x0 6= − l+ (1 + l2)=2; 8l2A,
(c) x0 6= (1− nm+ (m+ n))=2; 8n; m 2 A n 6=m,
there exist l1; l2 2 A with l1 6= l2; such that
(l2 − )f2x0 − 1− (l1 + l2) + l1l2g=(l1 − )
is a non-square of GF(q):
Remark. For q = 3n; 26n65; the completeness of K has been veried by means of
a computer.
In order to prove that the above sucient condition is always satised for q = 3n;
n>2; we use a result similar to the one in [7]; at this aim it is necessary to show the
next proposition:
Proposition 4. A= f2 + 3k; k = 0; 1; : : : ; (q− 3)=3g:
Proof. Let us observe that 22A by denition. Suppose  is xed. Then 3−1 +3h+2;
h=0; : : : ; 3−2−1 gives values of type 2+3 in the interval [2+3−1; 23−1−1]: In
order to determine the interval corresponding to −(3−1+3h+1); h=0; 1; : : : ; 3−2−1,
it is to be noted that in the ordering of GF(3h); the largest element of the interval is
obtained when h= (3−2 − 1)=2:
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Now,
h= 0) − (3−1 + 3h+ 1) =− (3−1 + 1) = 2 + 2  3−1;
h=
3−2 − 1
2
) − (3−1 + 3h+ 1) =− (3−1 + 1)− 33
−2 − 1
2
= 2(3−1 + 1) + 3(3−2 − 1) = 3 − 1:
Hence
A = [2 + 3−1; 2  3−1 − 1] [ [2 + 2  3−1; 3 − 1] = [2 + 3−1; 3 − 1]:
As  varies, = 2; : : : ; n, we have:
E =
n[
=2
[2 + 3−1; 3 − 1] = [2 + 3; 2 + 3(3n−1 − 1)]
=

2 + 3; 2 + 3

q− 3
3

=

2 + 3k; k = 1; : : : ;
q− 3
3

:
So
A= f2g [ E =

2 + 3k; k = 0; : : : ;
q− 3
3

:
Utilizing this description of A and proceeding in an analogous way as in [7], we
obtain that for q= 3n; n>6; the sucient condition for completeness of Proposition 3
is satised.
Precisely, by replacing the E(t) in [7] with
E(t) =
t − 
2 + −  [2x − 1− (2 + + t) + (2 + )t];
where  is a generator of GF(q); we can prove the following theorem:
Theorem 5. If q = 3n; n>6, then there exists t 2 A; t 6= 2 + ; such that E(t) is a
non-square in GF(q):
Similarly, in the proof it is sucient to show that if q= 3n; n>6; then there exists
t 2 GF(q) (with t 62 f; 1 + ; 2 + g) such that the following system of congruencies
is satised
E(t)
q

=−1;

E(t + 1)
q

=−1;

E(t + 2)
q

=−1:
We obtain this by replacing  in [7] with
 =
−2 + + 1
2 + −  ;
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and observing that ;  + 1;  − 1; ; + 1; − 1 are all distinct: so we are in the rst
case of [7].
The successive aim is to extend, to every q =pn; p>3 prime odd, the construction of
complete caps as presented in [1] and in this work. About this a paper is in preparation
[6].
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